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Chapter 1

Introduction

The Banach fixed point theorem still seems to be the most important result in metric
fixed point theory. Fixed point theorems are very useful in the existence theory of differ-
ential equations, integral equations, functional equations and other related areas. Metric
fixed point theory the first important and significant result was proved by Banach in 1922
for contraction mapping in complete metric space was introduced by Frechet [1]. In 2000,
Branciari [2] introduced a notion of rectangular metric space and proved an analogue of
the Banach contraction principle in this space, then various fixed point theorems were
given for different contractions on rectangular metric spaces (see [3]- [11]). In 2011, Azam
and et al.[12] introduced the complex valued b-metric spaces and proved common fixed
point results for mappings.

On the other hand, in 1989, Bakhtin[13] introduced b-metric spaces as a generaliza-
tion of metric spaces. He proved the contraction mapping principle in b-metric spaces
that generalized the famous Banach contraction principle in metric spaces. Since then,
several papers have dealt with fixed point theory or the variational principle for single-
valued and multi-valued operators in b-metric spaces (see [14]- [20] and the references
therein). In 2015, Ege [21] introduced complex valued rectangular b-metric spaces and
proved an analogue of Banach contraction principle. Moreover, author also prove a dif-
ferent contraction principle with a new condition and a fixed point theorem in this space.

In this paper, we study the existence of fixed point for self mappings under general-
ized kannan mappings type concept in b-metric spaces. Our result extend and generalize
the result derived by Ege [21] and many others.Moreover, we give examples as a satisfying

the theorems in complex valued rectangular b-metric spaces.



Chapter 2

Basic knowledge

In this chapter, we review the basic knowledge to prove our main results.

Difinition 2.1. [4] Let X be a nonempty set and the mapping d : X x X — [0,00)
satisfies:

(bM1) d(z,y) = 0ifand only if z = y forall z,y € X;

(bM2) d(z,y) = d(y, z) for all z,y € X;

(bM3) there exists a real number s > 1 such that d(z,y) < s[d(z, z) + d(z,y)] for
all z,y, z € X Then d is called a b-metric on X and (X, d) is called a b-metric space
(in short bMS) with coefficient s.

Difinition 2.2. [5] Let X be a nonempty set and the mapping d : X x X — [0, 00)
satisfies:

(RM1) d(z,y) = 0 if and only if x = y forall z,y € X;;

(RM2) d(z,y) = d(y, x) forall 2,y € X;

(RM3) d(z,y) < d(z,u) + d(u,v) +d(v,y) for all z,y € X and all distinct points
u,v € X \ {z,y}. Then d is called a rectangular metric space on X and (X, d) is called

a rectangular metric space (in short RMS).

Difinition 2.3. [22] Let X be a nonempty set and the mapping d : X x X — [0, 00)
satisfies:

(RbM1) d(z,y) = 0 if and only if = = y;

(RoM2) d(x,y) = d(y, x) for all z,y € X;

(RbM3) there exists a real number s > 1 such that d(x,y) < sld(x,u) + d(u,v) +
d(v,y)] for all z,y € X and all distinct points u,v € X\{x,y}. Then d is called a
rectangular b-metric on X and (X, d) is called a rectangular b-metric space (in short
RoMS) with coefficient s.

Note that every metric space is a rectangular metric space and every rectangular met-
ric space is a rectangular b-metric space (with coefficient s = 1). However the converse

of the above implication is not necessarily true.
Example 2.4. [22] Let X = N, define d : X x X — [0, 00) by
0, if z=y;
d(z,y) =< 4o if x,y€{1,2} and z # y;
a if xory¢{l,2}andzx #y,



where o > 0 is a constant. Then (X, d) is a rectangular b-metric space with coefficient

3 > 1, but (X,d) is not a rectangular metric spaceas d(1,2) = 4a > 3a =

d(1,3) + d(3,4) + d(4, 2).

S =

Example 2.5. [22] Let X = N, define d : X x X — [0, 00) such that d(x,y) = d(y, x)
forall z,y € X and

0, if rz=y;

0o if z=1,y=2;

dir,y) =< a  if v€{1,2} andy € {3};

20 if x,€{1,2,3}, andy € {4}
3a- if xory¢{1,2,3,4} and x # v,

\

where a > 0 is a constant. Then (X, d) is a rectangular b-metric space with coefficient
s =2 > 1, but (X,d) is not a rectangular metric space,as d(1,2) = 10a > ba =
d(1,3) + d(3,4) + d(4,2).

The complex metric space was initiated by Azam et al. [5]. Let C be the set of

complex numbers and z1, 25 € C. Define a partial order < on C as follows:
21 X zo if and only if Re(z1) < Re(zg) anddm(z1) < Im(zs).

It follows that z; <X 2z, if one of the following conditions is satisfied:

(C1) Re(z1) = Re(zg) and Im(z1) = Im(z9),

(C3) Re(z1) < Re(z2) and Im(z1) = Im(z2),

(C3) Re(z1) =Re(z2) and Im(z1) < Im(z2),

(C4) Re(z1) < Re(zz) and Im(z1) < Im(z2).

Particularly, we write z; A 29 if 21 # 29 and one of (Cy),(C3) and (Cy) is satisfied and
we write z1 < zy if only (Cly) is satisfied. The following statements hold:

(D Ifa,b € Rwitha < b, thena, <b, forall z € C

(2)If 0 < 21 & 29, then |z1| < |2a].

(3)If 21 < 29 and 29 < z3, then z1 < z3.

Difinition 2.6. [21] Let X be a nonempty set. Suppose that a mappingd : X x X — C
satisfies:

(CRb1) d(z,y) = 0if and only if x = y for all z,y € X;

(CRb2) d(x,y) = d(y, x) for all z,y € X;



(CRb3) there exists a real number s > 1 such that d(z,y) =< s[d(z,u) + d(u,v) +
d(v,y)] for all z,y € X and all distinct points u,v € X \ {z,y}. Then d is called
a complex valued rectangular b-metric on X and (X, d) is called a complex valued

rectangular b-metric space.

Example 2.7. [21] Let X = AUB where A = {::neN}and B = Z" and d :
X x X — C be defined as follows:

d(z,y) = d(y,x)
forall z;y € X and
0, if z=uy;
2t, if x,y € A;
o, if xeAandy € {2,3};

[ t, otherwise,

where t > 0 is a constant. Then (X, d) is a complex valued rectangular b-metric space

with coefficient s =2 > 1.

Difinition 2.8. [21] Let (X, d) be a complex valued rectangular b-metric space, {z,, }be
a sequence inX and x € X.

(@) The sequence {x,} is said to be complex valued convergent in (X, d) and con-
verges to x if for every € > 0 there exists ny € N such that d(x,,,z) < € forall n > ng
and is denoted by z,, = x as n — o0.

(b) The sequence {x,} is called complex valued Cauchy sequence in (X,d) if
iMoo d(Tn, Tptp) = 0 for all p > 0.

(0 (X,d) is said to be a complex valued complete rectangular b-metric space if

every complex valued Cauchy sequence in X converges to some x € X.

Since the following two lemmas are the analogues of the lemmas in [5], we state

these for complex valued rectangular b-metric spaces without their proofs.

Lemma 2.9. [21] Let (X, d) be a complex valued rectangular b-metric space and let
{z,} be asequence in X. Then {x,} converges to x if and only if |d(x,,, z)| — 0 asn —

Q.

Lemma 2.10. [21]Let (X, d) be a complex valued rectangular b-metric space and let
{z,} be asequencein X. Then {x,} is a Cauchy sequence if and only if |d(xp, Tp1m)| —

Oasn — oo



Theorem 2.11. [21]Let (X,d) be a complex valued complete rectangular b-metric

space with coefficient s > 1 and T : X — X be a mapping satisfying:
d(Tz, Ty) = ad(z,y)

1
forall z,y € X, where a € [0,—). Then T has a unique fixed point.
s



Chapter 3

Method of research

. Find books and publications about complex valued rectangular b-metric space and

fixed point theorems.
. Study and analyze the fixed point theorem.
. Study and analyze the complex valued rectangular b-metric space.

. Report the progress of the project to the Research and Development Institute of

Kamphaeng Phet Rajabhat University.

. Give necessary and sufficient conditions to obtain fixed point theorems for a the

interpolative approach in complex valued rectangular b-metric space.

. Prove fixed point theorems for-a the interpolative approach in complex valued
rectangular b-metric space and give an example to illustrate the significance of

such results can be applicable in situations while the aforecited.

. Write the paper and submit for publication in the international journal. Report the
completed project to the Research and Development Institute of Kamphaeng Phet

Rajabhat University.



Chapter 4

Main Results

In this chapter, Now we prove our main results.

Theorem 4.1. Let (X, d) be a complete complex valued rectangular b-metric space

with coefficient s > 1 and suppose that T : X — X be a mapping satisfying:

d(Tz,Ty) < Md(z, Tx) + d(y, Ty)] (4.1)

2
forall x,y € X,where \ € [0, ?} .Then T" has a unique fixed point.
5

Proof. Let xyg € X andeach n € N, we define 2, =Tz, 1;Vn € N.

We consider,

d(Zl, 22) = d(TZO, TZl)
Ald(zo, T'20) + d(z1, T21)]
< Ald(z0,21) + d(21, 22)], (4.2)
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d(Zl,ZQ) S (1 _ )\)60. (43)

A 2
ThUS, d(Zl, 22) S (m) €o, for some |:O, 3—{——1:| s where €y = d(Zo, Zl).
Note that

[d(21, Tz1) + d(22, T22)]
[d(21, 22) + d(22, 23)], (4.4)

= d(ZQ, 23) < )\d(Zl, ZQ) + )\d(ZQ, 23)
= d(Zg, 23) — /\d(ZQ, Zg) < )\d(zl, 22)



= (1 — )\)d(ZQ, 2'3) < )\d(Zl, 22)
Ad(z1, 2
= d(2527z3) S (1<_1 )\)2>7
Az, 25) < [ —2 (@.5)
29,23) > 1\ €1. .
Th A New re [0, —2 | where ey = d(z1, )
us, d(z9, 23) T e1, for some JpurT ,wheree; = d(zy1, 22).
Using (4.3) and (4.5), we have
A
22723 1— A 21722
< A )
>~ 1— A ZO?'ZI
A 2
d(z,23) (1 )\) eg, for some \ € { e 1]. (4.6)

A " 2
d(zn, 2nt1) < <—> eg; for somel € [0, —
s

% - 1] ,where eg = d(zg,21). (@&.7)

Let e, = d(2pn, 2ns1), Vn € N. By (4.7), we have

d(Zn, Zn+2) = d(Tzn 15 Tzn+1>

A[d(zn 1 TZn 1) + d(Zn+1, TZn—i—l)]
ANd(zn-1, 2n) + d(Zp41, Znt2)]
Ad(

Zn—1; Zn) + )\d<zn+1a Zn+2)

( ) d(z9, 21) +)\(1 i )\)nﬂd(zmzl)
n+1

A eg+ A e

(25) wna(25)

( > [A60+A<1iA>260:|.

. A
Cod(Zny Znge) < (1 — )\> e where ef = {)\eo + )\(1 — )\) eo}

for some \ € {O %] (4.8)

IN A

IN

| /\

IN

IN



From (4.7), we get
Az, Znr2mi1) < S[d(2n, 2n41) + d(2n41, 2nv2) + d(2nt2, Znt2met)]
< sld(zn, 2nt1) + d(zn41, 2n12) + S[d(2n12, Zn4s) + d(2n43, Znra)
+ d(2p+4; Znt2m+1)]]
< s{(en + eni1) + s[(€nya + €ny3) + s[(€nta + enis) + . + s[(€nt2m—2
+ €ntom—1) + €niom)
< s€p+ S€pi1 + 8% €pio+ S%€n i3+ P at 25+ S € om0+

m m
S €nyom—1 + s €nt2m

A n A n+1 ) A n+2 A n+3
<((75) o () o) ()
A n+4 A n+5 hY n+2m—2
—|—83|:<m> €o+ (m) 60:| ++Sm|:<m> €o+
Y n+2m—1 A n+2m
(=) o)
A n A n+2 A n+4
< |:S(1_>\> €0+S2<m) €0+S3(m> ey + ...
Y n+2m—2 A n+2m A n+1
"’Sm(m) €0+Sm<m> 601 + |:8(1_>\> €0
) A n+3 5 A n+5 . A n+2m—1
+S (m) €TSS (m) ep+...+$ <m) 60:|
< s( A )neo [1+s( A )2+52<L)4+...+sm—1 (Lfm 2
O\l -—A 1=A I—A 1—A
A 2m A n+1 A 2 A 4
o (75) Jo(i )l () ()
- A 2m—2
A" A’ AN
Ss(l_)\) 60|:1+8<1_)\> +82(m) +:|
A n+1 A 2 ) A 4
+8<1_)\> €0|:1+S(1_)\) + s (T)\) +
A 2 A 4 n A n+1
<o) ) =l () o (55) e
. A n A n+1
S R (RS
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) et

d(zn7 Zn+2m+1

From (4.7), (4.8) we have
d(zna Zn+2m) < S[d('zm Zn+1) + d(2n+1, Zn+2> + d<zn+2a Zn+2m)]
< s[d(zn, 2ns1) + d(Zna1, 2nre) + 8[d(znte, 2na3) + d(Znes, Znsa) +
d(2nt4, Znvam)]
< sl(enteni1) +sl(ensatents) +sl(entatenss)+.. 45" (eam-at
€om—3) + " d(2n12m—2, Zniom)
< sep +8€p41 + 82enn + 8%enis + 8P+ 835+ .+ teg g +

1 1
" Yegm—s + " d(Znr2m—2, Zntom)

<[ e () e (25) o (25)
- 1—A 1—A 1—A 1—A
; A n+4 A n+5 o A 2m—4
|(23) Ao (25) e {(55)
)\ 2m—3 - ¢ )\ n+2m—3 .
(i) i) s
< {s( A )neo + 52 <L) ”*260 + 53 (L>”+4€0 + ...
- 1—A 1—=A 1—A
- A 2m—4 A n+1 , A n+3
o (iZ3) ] [(5R) oe(i2n) o
\ A n+5 - A 2m—3 - A n+2m—3 .
S (ﬁ) eot...+s (m) 60} +5 (m) €o
< s( A )neo [1+s( A >2+32 L>4+...+s”"0—2 (Lym ' 4}
- \1-=A 1—A 1—A 1—A
A\ n+1 A 2 ) hY 4
>\ *




0 PN n+2m—3
j< A LA m-1 <—A A) et (610

d(Zn’Zn+2m S )\ 2
1—

It follows from (4.9) and (4.10) that

Um d(z, + zntp) =0 forall p > 0. (4.11)

n—oo

Thus {z,} is a Cauchy sequence in X. By completeness of (X, d) there exists u € X
such that

im 2, = u. (4.12)

n—o0

We shall show that u is a fixed point of T'. Again, for any n € N
we have
d(u, Tu) < s[d(u, z,) + d(zn, 2ns1) + d(zns1, Tu)]
(u, 2) + d(2n, 2ns1) + d(T 2, Tu)|
(U, 2n) + d(2n, 2ns1) + Ad(2zn, Tz) + d(u, Tu)]
sd(u, zp) + $d(zn, 2nt1) + SAA(2n, Zn+1) +8Ad(u, Tu)

S
S

[d
d

INIA A

s Uimy o0 d(u, 2,) 4 $UiMy o0 d(2n, Znt1)
+ SAIMy 00 A( 20, 2nt1) + sAd(u, T'u)

< sAd(u,Tu), by (4.11)and (4.12)
Thus 0 < d(u,Tu) < sAd(u, Tu); sA < 1.
It follows from above inequality that d(u,Tu) = 0, i.e. [ Tu = wu. Thus u is a fixed
point of T". For uniqueness, let v be another fixed point of 7T. Then it follows that
0 < d(u,v) = d(Tu, Tv) < Nd(u,Tu) + d(v,Tv)] = Md(u,u) + d(v,v)] = 0 a
contradiction. Therefore, we must have d(u,v) = 0, ie,u = v. Thus fixed point is

unique. []
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Theorem 4.2. Let (X, d) be a complete complex valued rectangular b-metric space

with coefficient s > 1 and suppose that T : X — X be a mapping satisfying:

d(T'z,Ty) < k maz {d(z,y),d(z,Tx),d(y, Ty)} (4.13)

2
forall x,y € X, where k € [O, ?] .Then T" has a unique fixed point.
s

Proof. Let xg € X and each n € N, we define 2, =T'z,_1 ; Vn € N.

We consider,

Thus,
Note that

Thus,

d(z1,22) = d(Tz29,Tz)
< k max {d(29, 21),d(20, T20),d(2z1,T21)}
< k max {d(29, 21),d(20,21),d(z1, 22) }
=k max {d(29, 21),d(z1,22) }
< kld(z0, 21) + d(21, 22)],
d(z1,22) < kd(zo, 21) + kd(z1, 22). (4.14)

k

= d(Zl,ZQ) < (m)d(Zo,Zl) (4.15)

k 2
d(z1,2) < <1 — k)eo,for some k € [0, H—l],where eo = d(zo, 21).

d(z9,23) = d(Tz,T2)
< k maz {d(z1,20),d(21,Tz1),d(z2,T2)}
< k max {d(z1,22),d(21, 22),d(22,23)}
=k maz {d(z1, 22),d(z2, 23) }
< kld(z1, 22) + d(22, 23)],
d(z2,23) < kd(z1, 22) + kd(22, 23). (4.16)

= d(ZQ,Zg) < (%)d(zl,@) (4.17)

k 2
d(zg,23) < (1 k)el,for somek € [O, H—l],where er = d(z1, z2).
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Using (4.15) and (4.17), we have

d(zy, 23) < (&) d(z1, 22),

= (o) (7530

ko’ 2
d(zg, 23) = (m) eo, for some k € [0 ?} (4.18)

E\" 2
d(zn, 2n41) < (ﬂ) eg, for some k € {O, S+—1] ,where ey = d(29,21) (4.19)

Let e, = d(2ps 2ny1), VN € N. By (4.19), we have

d(zn, 2na2) = d(T2n—1,T2p41)
< kmax{d(zn_1, 2n+1), d(z2n-1,Tzn-1), d(2n11, T2ns1) }
< k max{d(z,-1,2n+1), d(2n-1, 2n), A(Zn+1, Zni2) }
< k max{sld(zn_1, 2n) +d(2n, 2n12) + d(Zni2, 2ni1)]s (201, 2n), d(Zni1, Zni2) }
< kmax{sd(zn_1,2n) 4 $d(2n, Zns2) + $d(2n12, 2n11), d(Zn_1, 2n), d(Zni1, Zni2)}

< k[sd(zn—1,2n) + sd(2n, 2ni2) +5d(2n12, 2n11)]

d(zn, 2nt2) < ksd(zn—1, 2n) + ksd(zn, 2ne2) +ksd(Zp42, 2ns1) (4.20)
= d(Zn, Zn+2> S k (Zn 1, Zn) + de(Zna Zn—i—?) + de(Zn—‘rQ) Zn+1)
= d<Zn7 Zn+2) de(ZTM Zn+2> S ks (Zn 1, Zn) + k5d<zn+27 Zn—l—l)
= (1 — ks|d(zn, 2ni2) < ks[d(zn_1,2n) + d(zn12,2n11)]
= Zn7zn+2 S ( ) Zn 17211 + d<2n+1,2n+2)]
k n+1
. o ) (1 a) | ) ot (25) )
= z z < " + ks J 26
noZnt2) S 1 —ks O\ 1ok )1k @
= Zn, Z?’H—Q ( )
k

ks ks 2 9
€y = |i(1 — ]{38)60 + (1 _ ]{ZS) (1 _ k) €0:| fOT some k € |:0, m] (421)

From (4.19), we get

d(zm Zn+2m+1) < S[d(zm Zﬂ+1) + d<zn+1a Zn+2) + d(2n+2: Zn+2m+1)]
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< s[d(2n; 2n11) + d(2ny1; Zny2) + 8[d(2n42, 2n43) + d(2n13, 2nga) +
d(Zn14; Zniom+1)]]

< sl(ententi)ts[(ensatenss)+sl(entatents)+..+s((enram—2t
€ntom—1) + €nt2m)

< septsepp1t+s2eniatsieniztsdenatsde st Cnom_a+

5m6n+2m71 + 5™ En+2m

_ k n N L n+1 N ) L n+2 N
= \1—%) T \1—%) )T |\1—k) @
k n+3 k n+4 k n+5
(x) wfl(5) o ()«
k

<{s( K )neo+32(i)n+zeg—I—s3<i)n+4eo+...
" 4 1-k 1—-k 1-k

4 k’ n+2m—2 . k’ n+2m k’ n+1
i) e (i) e ) e
) k’ n+3 , k’ n+5 . k n+2m—1

S (m) ep+s (m) ep+...+s (m) 60:|
<3( K )neo[l—l—s( y >2+S2(—k >4+...+8m1(—k >2m2
- 1—-k 1—k 1—-k 1—-k

o k 2m L n+l1 L 2 ) k 4
+s (—1—k> ]+S(—1—k> €o {1—1—5(1_%) +s (—l—k)
+ .. +smt <L>2m 2]

1—-k
<s( K >n€0[1+8( K >2+32(L)4+..}+
- 1—-k 1—-k 1—k
]{I n+1 k‘ 2 , k‘ 4

8<l—k> 60[1+S<1—k> + s (—1—k> —l—}
<[1+s< K )2+52<—k )4—1-..} {s( K )neo—i-s( K )”“60}
- 1—k 1—k 1—-k 1—k
-l () o))

< E N ["\1—k 1—k
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e,

R
1-— 8(1 — k’)
From (4.9), (4.21) we have
d(zn, Znt2m) < S[d(zn, 2nt1) + d(2n41s 2nt2) + d(Znt2, Znvom)]

< sld(zn, 2nt1) + d(2ng1s 2n) + 8[d(2ny2, Zny3) + d(2n13, 2nta)
+d(2n+4; Znt2m)]]

< sl(en + €nt1) + s[(€nta + €nss) + s[(€nsa + €nis) + ..
+5™ (eam—a + €am-3) + " d(2ns2m—2, Zniom)

< sén + Sepy1 + 52€n+2 + 526n+3 + 536n+4 + 336n+5 + ...

d(zn y An+2m—+1

45" Leg_a + 8" T eam—g + " d(Zptom—2, Zntom)

k n k n+1 k’ n+2 ]f n+3
<|(E)er(5) al|(S) ()«
]{? n+4 ]{? n+5 k 2m—4

() (i) (i) e
k’ n+1 k’ n+1 k 2m—3 N - k’ n+2m—3 .
\1-%) “\1=% 11—k LT\ Tk “
k' n k’ n+2 k’ n+4
S |:S(]_—k‘> eo—f—SZ(E) €0+33(m) 60+...
2m—4 n+1 n+3
+smt L eo|+ |s K ep + S2 L €o
1—-k 1—-k 1—-k
n+5 2m—3 n+2m—3
+53 L eg+...+s™ 1 LA ep |+ sm™ L L e
1—k 1—k 1—k 0
< £y 1+ kY T 4+
=N\1—%) 0 Zk) T\ %
N - k’ 2m—n—4 N k n+1 1+ k’ 2
..+ s 1% S 1% €o S -
+ 2 L ! + m—2 L o + m—1 L & P *
S =%/ S - S 1 % €5
< k ’ 1+ kY T 4+ +
S k: €o S T 7 s 7
1+ Y T 4 +
k €o S 17 S T 7
n+2m—3
<1 k> .
]{3 2 :I{Z n ]{3 n+1
: M )+ () () (i)
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- L n+2m—3 .
+ S T 60

k
k n k’ n+1
_ 1
eyl ()
1—s
k

1—k

A

d(zn7 Zn+2m) ~

()l (E) oy,

P 5 0- (4.23)
1-— S(l — k‘)

It follows from (4.22) and (4.23) that

Uim d(2, + 2ntp) =0 for all p > 0. (4.24)

n—00

Thus {z,} is a Cauchy sequence in X. By completeness of (X, d) there exists u € X
such that

lim 2, =u. (4.25)

n—0o0

We shall show that u is a fixed point of T'. Again, for any n € N
we have

d(u, Tu) < s[d(u, zn) + d(zn, 2n+1) + d(Zns1, T0)]
zn) + d(2n, 2ni1) + ATz, Tu)]
n)+d(zn, 2n1)+k max{d(z,, w), d(z,, Tz,), d(u, Tu) }]
U, 2p)+d(2n, 2ny1)+k max{d(zn, w), d(Zp, 2ne1), d(u, Tu) }
Uy 2n) + d(Zn, 2nt1) + k{d(zn, w), d(2n, 2ns1); d(u, Tu) }]
sd(u, 2p)+8d(zn, 2na1)+skd(zy, u)+skd(zy, zpi1)+skd(u, Tu)
S UMy oo d(u, 2) + 8 UMy o0 (2, Zna1) + sk limy, oo d(2p, 1)

+ sk im0 d(2n, 2n11) + skd(u, Tu),

d(u, Tu) < skd(u, Tu). by (4.24) and (4.25)

Thus 0 <d(u,Tu) < skd(u, Tu); sk < 1.

It follows from above inequality that d(u,Tu) = 0, i.e. , Tu = w. Thus u is a fixed

I
I T .
QA a X

?

—~~ —~
S
N

VAN VAN VAN VANSR VAN
¥

point of T". For uniqueness, let v be another fixed point of T. Then it follows that
d(u,v) = d(Tu, Tv) < k mazx{d(u,v),d(u, Tu),d(v,Tv)} < kd(u,v). Thus a contra-

diction. Therefore, we must have d(u, v) = 0, i.e.,u = v. Thus fixed point is unique. [



Chapter 5

Conclusion

The purpose of this paper is to study the existence of fixed point for self mappings un-
der generalized kannan mappings type concept in b-metric spaces. Our result extend and
generalize the result derived by Ege [21] and many others.Moreover, we give examples
as a satisfying the theorems in complex valued rectangular b-metric spaces as follows:
Theorem 1 Let (X, d) be a complete complex valued rectangular b-metric space with

coefficient s > 1 and suppose that 7' : X — X be a mapping satisfying:
d(Tw, Ty) < Nd(z, Tx) + d(y, Ty)]

2
forall x,y € X,where \ & {O, ?] Then 7" has a unique fixed point.
s

Theorem 2 Let (X, d) be a complete complex valued rectangular b-metric space with

coefficient s > 1 and suppose that 7'+ X — X be a mapping satisfying:
d(Tz, Ty) < k maz{d(z,y),d(z, Tx),d(y, Ty)}

2
forall z,y € X,where k € [O, ?1 Then T has a unique fixed point.
S
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